Lecture 2: Basic Conservation Laws

Type of motion Horizontal scale (m)

Molecular mean free path 107
Minute turbulent eddies 1072 - 107! Scale sizo
Small edd

1-10 e s
Gus 10-10% :7
Tomadoes 10°
Cumulonimbus clouds 10° |
Fronts, squall lines 10% - 10° |
Hurricanes 10° Mesoscale
Synoptic cyclones 10°
Planetary waves 107

Seconds| Minutes | _Hours | Days =
~ o 10 to 1o
minutes  hours days. 2 week or more
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Conservation of Momentum
Conservation of Mass
Conservation of Energy
Scaling Analysis
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Conservation Law of Momentum

DU,

— F Newton’s 2" Law
o =2 Fl

of Momentum

U‘, = absolute velocity viewed in an inertial system
D,U
# = rate of change of Ua following the motion in an inertial system

e The conservation law for momentum (Newton’s second law of

motion) relates the rate of change of the absolute momentum
following the motion in an inertial reference frame to the sum
of the forces acting on the fluid.
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Apply the Law to a Rotating Coordinate

» For most applications in meteorology it is desirable to refer the
motion to a reference frame rotating with the earth.

» Transformation of the momentum equation to a rotating
coordinate system requires a relationship between the total
derivative of a vector in an inertial reference frame and the
corresponding total derivative in a rotating system.

DU, DU
—ad 9

» —
Dt Dt

S

The acceleration following the
motion in a rotating coordinate

The acceleration following the
motion in an inertial coordinate
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Total Derivative in a Rotating Coordinate

A= i’Ai, —+ jrA'_’\. + k’A’_. (in an inertial coordinate)

A=i4d x + i A y + k -4; (in a coordinate with an angular velocity Q)

D,A DA DA, DAL
=i =+ -+Kk =

Dt Dr Dt Dt
DA DA, DA, Dyi D,j D,k
=i X +j ¥ +k z a 4v+ u.IAr+ a .4_—
Dt Dr Dt Dt Dt Dt
“ | J “ | v
Change of vector A in Change of the rotating coordinate
the rotating coordinate view from the inertial coordinate
D,A DA
- 2= 1 QxA
Di Dt .
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Newton’s 2" Law in a Rotating Frame

D,U,
Di Z g

DU, _ DU, +O9xU covert acceleration from an inertial
- a to a rotating frames
using |: Dt Dt 9

U, =U+ R X1« apsolute velocity of an object on the rotating
earth is equal to its velocity relative to the earth
plus the velocity due to the rotation of the earth

Dalla _ Dy ioxn+axu+e
Dr - Dr + 8 xr) X xTr)
[Here 2 x ( x1) =R x (2 x R) = —2°R |
DU, DU ,
=— 422 xU-Q°R
Dt Dt + x
Coriolis force Centrifugal force g Frot Jin-Yi v

Momentum Conservation in a Rotating Frame

on an inertial coordinate

Momentum Equation on a Spherical Coordinate

Equator
U=iu+jv+ kw

D

u = Dx/Dt = acos¢p Di/Dt =rcosg F/r
D
v= Dy/Dt =a D¢ /Dt = I‘F(f.
Dz

“=Dr ¢

D,U,
;)! L = Z F = pressure gradient force + true gravity + viscous force
- 1
= -—Vp +g +F,
P
- ;
Because D;)l’ 2= % +22xU-Q°R
DU 1
> —+22xU-Q’R = ——Vp+g+F,
Dt P
DU 1 on a rotating coordinate
> —=29xU—-—-Vyp+g+F
Dt P pTEe r
Here, g = apparent gravity = ( g* + Q“R) =;3 S Niva
Rate of Change of U
DU Du 4 Dv + I\Du' + n Dj N Dk
—=i— — 4+ k—+ 14 v— 4+ w—
DD YD TR D Dt "D
Di oi u L.
—_—=u— = (j sing — Kcos ¢)
acos¢ )
Sl
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Coriolis Force (for n-s motion)

Suppose that an object of unit mass, initially at latitude ¢ moving zonally at speed u,
relative to the surface of the earth, is displaced in latitude or in altitude by an
impulsive force. As the object is displaced it will conserve its angular momentum in
the absence of a torque in the east-west direction. Because the distance R to the
axis of rotation changes for a displacement in latitude or altitude, the absolute
angular velocity ( €2 + u/ R') must change if the object is to conserve its absolute
angular momentum. Here ¢ is the angular speed of rotation of the earth.
Because ¢ is constant, the relative zonal velocity must change. Thus, the object
behaves as though a zonally directed deflection force were acting on it.

Q

»
2 + 8 2
(@+2) R = (Q+ = “)ck+akr
R R+68R
D> Su= 28R — %5;{ (neglecting higher-orders)
Ao /ﬂ"o . using SR = —singdy
%\, - H > F
Lt H g . . Dy " uv
';&o"’ ¢ > (E):(2mm¢+;hm¢)ﬁfzm \mcb-}-Tmné
Ry+aR ' i
7 - and for a vertical displacement in which R = + cos ¢pdz:
e et
e Du) | _(agcosp+ V2 Z rgucoss - M
%7 " (1):)’_(' cosgp+ 7) 5 = —2weosg —
’:’,\T Ggedt

Momentum Eq. on Spherical Coordinate

bu 2@ x U lv +eg+F
D T TR T e TET R

DU Du  wvian¢g  ww'y, Dv  wltang  wvw), Dw  u? 402
e e [y s +—)i+(—=—- k
a

. i
D1 D1 a a Dt a Dt a
i j k

e 22 x U=-2Q1|0 cos ¢ sin ¢
n v w

=—(2Quwcos¢p —2Qusing) i —2Qusing j+ 2Qucosp k

ap ap ap
..’+.I k‘!

Vp= II ]I a2
eg=—gk
oF, =iF,, +j F” +KkF,- P 55228
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Momentum Eq. on Spherical Coordinate

Dul wvtan¢  ww 1 ap .
- =e + —|= ——,—1 +2Qusing — 2Quwcos ¢ + F,,
Dt a a p ox
Dv |utang  wvw 1 ap )
— H——+— = ——7—2Qusing + F,,
Dr a a p oy :
Dhw u? + w2 1 dp
-—= ——_—" —g+2Qucos¢ + F;
Dt a p oz
Rate of change of _
the spherical coordinate lr;rs‘]Sg?“_“Y“

Scaling Analysis

*  Scale analysis, or scaling, is a convenient technique for
estimating the magnitudes of various terms in the governing
equations for a particular type of motion.

* In scaling, typical expected values of the following quantities
are specified:
(1) magnitudes of the field variables;
(2) amplitudes of fluctuations in the field variables;

(3) the characteristic length, depth, and time scales on which
these fluctuations occur.

*  These typical values are then used to compare the
magnitudes of various terms in the governing equations.

[ ESS228
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Scales of Atmosp

Scale

heric Motions
“lﬁl’:"

wind

Scaling for Synoptic-Scale Motion

* The complete set of the momentum equations describe all
scales of atmospheric motions.

= We need to simplify the equation for synoptic-scale motions.

= We need to use the following characteristic scales of the field
variables for mid-latitude synoptic systems:

Micepecale. s wind
Seconds | Minutes Hours 4
Type of motion Horizontal scale (m) P T d",‘;. a wook or more

- LIFE SPAN
Molecular mean free path 0=’
Minute turbulent eddies 10-2 - 10!
Small eddies 10-1 -1
Dust devils 1-10
Gusts 10102
Tornadoes 10°
Cumulonimbus clouds 107
Fronts, squall lines 104 - 10°
Hurricanes 10
Synoptic cyclones 10° -
Planetary waves 107 k‘-A\‘ g:ﬁ_} .:Iaign—Yi Yu

U~10ms~! horizontal velocity scale
W~ lcms™! vertical velocity scale
L~10°m length scale [~1/(27 ) wavelength]
H~ 10*m depth scale
§PIp~10°m”s~2  horizontal pressure fluctuation scale
LIU~ 10%s time scale
Sl o viva

Units of Atmospheric Pressure

» Pascal (Pa): a SI (Systeme Internationale) unit for air pressure.

1 Pa = force of 1 newton acting on a surface of one square meter
1 hectopascal (hPa) = 1 millibar (mb) [hecto = one hundred =100]

* Bar: a more popular unit for air pressure.
1 bar = 1000 hPa = 1000 mb

* One atmospheric pressure = standard value of atmospheric pressure

at lea level = 1013.25 mb = 1013.25 hPa.

e 55228
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Pressure Gradients

* Pressure Gradients
— The pressure gradient force initiates movement of atmospheric
mass, wind, from areas of higher to areas of lower pressure

» Horizontal Pressure Gradients
— Typically only small gradients exist across large spatial scales
(1mb/100km)
— Smaller scale weather features, such as hurricanes and tornadoes,
display larger pressure gradients across small areas (1mb/6km)

* Vertical Pressure Gradients
— Average vertical pressure gradients are usually greater than
extreme examples of horizontal pressure gradients as pressure
always decreases with altitude (1mb/10m)

P 55228
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Scaling Results for the Horizontal Momentum Equations

A B C D E F G
x —Eq. —[[J,—'; —2Qusing | +2Qwcos g +% —"”‘# = _TIM—:‘,\-. + Fpx
2
) L w 2y 3
y— Eq. -?,—" +2Qusing o +"'(_'“""’ = _’_|‘_J."_‘ +Fpy
3 . o / 2 P U
Scales  U?/L foU fol o1 v - ‘?l
(ms=2) 1074 10-3 10-6 103 103 10-3 10-12
& R
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Geostrophic Approximation, Balance, Wind

‘Scaling for mid-latitude synoptic-scale motion

1 ap 1ap
—fv = b fu= ' 4

p dx’ ' p oy

v

Ve=k x WV,U

Geostrophic wind

* The fact that the horizontal flow is in approximate geostrophic balance is
helpful for diagnostic analysis.

[ £55228
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Geostrophic Balance

H + Coriolis force
1
1
1
—
L pressure gradient force

O By doing scale analysis, it has
been shown that large-scale and
synoptic-scale weather system are
in geostrophic balance.

QO Geostrophic winds always follow
the constant pressure lines (isobar).
Therefore, we can figure out flow
motion by looking at the pressure
distribution.

fa B
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Weather Prediction

Du 1 ap
o=y = (v =)
Dv 1 ap )
E:_’“_I—JH—_I’:_"("—“K)

* In order to obtain prediction equations, it is necessary to retain
the acceleration term in the momentum equations.

* The geostrophic balance make the weather prognosis
(prediction) difficult because acceleration is given by the small
difference between two large terms.

* A small error in measurement of either velocity or pressure
gradient will lead to very large errors in estimating the

acceleration. a R
N Prof. Jin-Yi Yu
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Coriolis Force Change with latitudes

(from The Atmosphere) -
[ ESSI124
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Super- and Sub-Geostrophic Wind

Gradom benee Q For high pressure system

/ \\\ /‘ \ =>gradient wind > geostrophic wind
! / =>supergeostropic.
f \ ,f-\\ ,/ D

_/ \_/

\ H
&\ % Q For low pressure system
- - =>gradient wind < geostrophic wind
e 3 Gradentuind =>subgeostropic.
<+— Coriolis force <+— Centrifugal force
(from Meteorology: Understanding the Atmosphere)
N £ssi24
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Gradient Wind Balance

* The three-way balance of horizontal pressure
gradient, Coriolis force, and the centrifugal force
is call the gradient wind balance.

» The gradient wind is an excellent approximation
to the actual wind observed above the Earth’s
surface, especially at the middle latitudes.

[ N £ss124
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Upper Tropospheric Flow Pattern

faster faster
than than

295 mb geostrophic geostrophic

300 mb —= e

—a Pressure Pressure —
305 mb\ \ Trough f Trough
\ “(;E D]'[/ER
o wg&'ﬁe CENCg
!

Pressure
Ridge

a an
geostrophic geostrophic

©FKendaliunt Pubiishing

« Upper tropospheric flows are characterized by trough (low pressure; isobars dip
southward) and ridge (high pressure; isobars bulge northward).

 The winds are in gradient wind balance at the bases of the trough and ridge and
are slower and faster, respectively, than the geostrophic winds.

» Therefore, convergence and divergence are created at different parts of the flow
patterns, which contribute to the development of the low and high systems.

N Ess124
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Developments of Low- and High-Pressure Centers

« Dynamic Effects: Combined curvature
and jetstreak effects produce upper-level
convergence on the west side of the
trough to the north of the jetsreak, which
add air mass into the vertical air column
and tend to produce a surface high-
pressure center. The same combined
effects produce a upper-level divergence
on the east side of the trough and favors
the formation of a low-level low-pressure

upper level flow

surtace

©Kendal/Hunt Publishing center.

» Thermodynamic Effect: heating = surface low pressure; cooling = surface high pressure.

« Frictional Effect: Surface friction will cause convergence into the surface low-pressure
center after it is produced by upper-level dynamic effects, which adds air mass into the low
center to “fill” and weaken the low center (increase the pressure)

» Low Pressure: The evolution of a low center depends on the relative strengths of the upper-
level development and low-level friction damping.

+ High Pressure: The development of a high center is controlled more by the convergence of
surface cooling than by the upper-level dynamic effects. Surface friction aiain tends to

destroy the surface high center. ESS124
Prof. Jin-Yi Yu

Lee-Side Lows

ESS12426
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Initial Development of the Cyclone

* Cyclones form east of the Rockies
when a wave and/or a jetstreak move
across the Rockies from the west at
jetstream level.

* A cyclone appears as a center of low
pressure on surface chart.

* Low pressure forms when divergence
occurs aloft associated with
embedded jetstreaks and changes in
curvature within the jetstream.

[@KendaluHunt Publishing

*As soon as low pressure begins to develop, air in the lower
troposphere will start to circulate about the low-pressure
center. A cyclone has begun to form.

ESS1227
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Extratropical Cyclones in North America

Cyclones preferentially form in
five locations in North America:

(1) East of the Rocky Mountains
(2) East of Canadian Rockies
(3) Gulf Coast of the US

(4) East Coast of the US

(5) Bering Sea & Gulf of Alaska

ESS12428
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Rossby Number

Ro=U/(/fol)

* Rossby number is a non-dimensional measure of the
magnitude of the acceleration compared to the Coriolis force:

* The smaller the Rossby number, the better the geostrophic

balance can be used .
(UL foU)

* Rossby number measure the relative importnace of the inertial
term and the Coriolis term.

* This number is about O(0.1) for Synoptic weather and about
O(1) for ocean. & .

h Prof. Jin-Yi Yu

Scaling Analysis for Vertical Momentum Eq.

z-Eq. Dw/Dt =2Qucos¢ —u? + 02 )a —ﬂ_lil,)(‘d: —-g +Fr;z

Scales  UWI/L foU U?/a Po/(pH) g | vwH™

ms™2 10-7 10-3 10—3 10 10 | 1013
Dw  u? 42 1 dp

Dr p ——F_;l—_—g-l—lﬂucosq’)+F_-

l Hydrostatic Balance

e B
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Hydrostatic Balance

z-Eq. Dw/Dr -2Qucos¢ —(u? 407 Va =-—p~ 1 aplaz  —g +Fpz
Scales  UWI/L foUr U?/a Po/(pH) g VvWH™?
ms~2 1077 10-3 10-5 10 110

¢ The acceleration term is several orders smaller than the
hydrostatic balance terms.

=> Therefore, for synoptic scale motions, vertical
accelerations are negligible and the vertical velocity
cannot be determined from the vertical momentum
equation.

e 55228
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Hydrostatic Balance in the Vertical

2

pecd

(from Climate System Modeling) ",/

# P 55228
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Vertical Motions

+ For synoptic-scale motions, the vertical velocity component is
typically of the order of a few centimeters per second. Routine
meteorological soundings, however, only give the wind speed
to an accuracy of about a meter per second.

» Thus, in general the vertical velocity is not measured directly
but must be inferred from the fields that are measured directly.

* Two commonly used methods for inferring the vertical motion
field are (1) the kinematic method, based on the equation of
continuity, and (2) the adiabatic method, based on the
thermodynamic energy equation.

N 55228
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Primitive Equations

du oD

— = V=== (1) zonal momentum equation

dt ox

dv oD

—+ fu=-— - (2) meridional momentum equation
dt oy

dp ; :

—=—pg (3) hydrostatic equation

dz

du ¢ov Oo

ox oy &p

=0 (4) continuity equation

dT dp
('F ——a—= Q (5) thermodynamic energy equation
dt dt
- i f -
p= ,ORT (6) equation of state e P
N Prof. Jin-Yi Yu

The Kinematic Method

*  We can integrate the continuity equation in the vertical to get the vertical
velocity.

du dv dw
—+— | + =0
dx dv /), dp
P/ ou Jv
w(p)=w(ps) — — 4+ — ) dp
> (p) (ps) — + - I
pe \NOX Ay p

*  We use the information of horizontal divergence to infer the vertical
velocity. However, for midlatitude weather, the horizontal divergence is
due primarily to the small departures of the wind from geostrophic balance.
A 10% error in evaluating one of the wind components can easily cause the
estimated divergence to be in error by 100%.

* For this reason, the continuity equation method is not recommended for

estimating the vertical motion field from observed horizontal winds.

[ ESS228
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The Adiabatic Method

The adiabatic method is not so sensitive to errors in the
measured horizontal velocities, is based on the thermodynamic
energy equation.

aT  aT  aT _ J
— +u- + v- _-S/J(U=_
(’f (’.\’ ("l' (‘P

(0T aT aT
-)(UI.SI, - +ll_ '+‘l'_
at dx dy

[ ESS228
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Conservation of Mass

* The mathematical relationship that
expresses conservation of mass for a fluid
is called the continuity equation.

d )

ETS + v {,ﬂU) = 0 (mass divergence form)
1 Dp

2 ivau=0

p Dt (velocity divergence form)

e B
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Mass Divergence Form (Eulerian View)

| for a fixed control volume |

o pue i

* Net flow through the dy+ & z surface)

* Net flow from all three directions = — |:
E dx
ap

* Rate of mass accumulatio ‘—f dxéyéz

:

Net rate of mass inflow through the sides = Rate of mass accumulation within the volume

dx d
[{)u - —(pul—] Sydz — [/W + —(,'m)—] dvéz —_—.(/m )éxdyéz

—{pu) + —l/)l ) + —{,’Hl I] dxdydz

dp

* Mass conservation | _" + Veipl)=0

e B
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Velocity Divergence Form (Lagragian View)

Su = ug—uy = Dix+8x)/Dt — Dx/Dt
Su= D(8x) /Dt

u i) - Ve

Following a control volume of a fixed mass (6 M), the amount of mass is

1D 1 D 1 Dp 1 D )
— (M) =——(pdV )y =——+ ——(}' ) =0
SM I psl It p De 8V Di 5 D D
= Iox) /I
' D 1D 1 D I D o ‘
- —)(M }=f—1.'\na+——|\_ )+ ——(52) and dv = D(3y)/ Dt
sV Dt Sx Dt dv Di sz S = D(S=)/D.

du v dw

li Lo 5V V.U
m — V| =— — — = Ve
bx.81,6z=0 AJ’ Dt ) dx + ;ﬁ‘|-+ dz

Sl 155228
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Scaling Analysis of Continuity Eq.

1 Dp
~ i vau=0
p Dt

1 5!/;" . ,
— | — +UVp' +—
0 dt

A

w dpo

+Vel &0
P dZ
B C

where p" designates the local deviation of dcnxm from its horizontally averaged

value, pg (2). For synoptic scale motions

il

{l Py~ 1072

1 (ap i ,
Term A —(L+l .v,J) 2 077!
£

£o

w dpo W

TermB> ——— -~ 2 100! (because d Inpg/dz ~ H™)
Poyodz
. '_'i dv die an dv . 6 1 du L
Term C 2 V.l =, +I‘r+ = =(T+W) 10 Tmm stand e~ g <10 6

du at duwr d
— otttz ro =0 or Ve (plU)=0 ESS228
ax dy dz dz Prof. Jin-Yi Yu
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Meaning of the Scaled Continuity Eq.

l&+Vol‘=0 scaled

Ve(pgU)=0
D £0

« For purely horizontal flow, the
atmosphere behaves as though
it were an incompressible fluid.

* However, when there is
vertical motion the
compressibility associated with
the height dependence of p0
must be taken into account.

* Velocity divergence vanishes
(V«U=0 ) inan
incompressible fluid.

The First Law of Thermodynamics

+ This law states that (1) heat is a form of energy
that (2) its conversion into other forms of energy
is such that total energy is conserved.

* The change in the internal energy of a system is
equal to the heat added to the system minus the
work down by the system:

AU=Q-W

change in internal energy

Heat added to th t
(related to temperature) eat added to the system  Work doneby the system

[ £55228
N Prof. Jin-Yi Yu

N 55228
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CYLINDER (from Atmospheric Sciences: An Intro. Survey)

PISTON

* Therefore, when heat is added
to a gas, there will be some
combination of an expansion
of the gas (i.e. the work) and
an increase in its temperature
(i.e. the increase in internal
energy):

VOLUME ———=

Heat added to the gas = work done by the gas + temp. increase of the gas
AH = pAa + C, AT

volume change of the gas specific heat at constant volume ‘.‘\‘ S viva

Heat and Temperature

» Heat and temperature are both related to the internal
kinetic energy of air molecules, and therefore can be

related to each other in the following way:

Q=¢*'m*AT
T

Heat added Mass Temperature changed

Specific heat = the amount of heat per unit mass required
to raise the temperature by one degree Celsius

[ ESS228
N Prof. Jin-Yi Yu
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Specific Heat

TABLE 2.1 The Specific Heat of a Substance is the
Amount of Heat Required to Increase
the Temperature of One Gram of the
Substance 1° C

Specific Heat
Substance (callg/°C) (Jlkg/°C)
Water 1.0 4186
Ice 0.50 2093
Air 0.24 1005
Sand 0.19 795
(from Meteorology: Understanding the Atmosphere) o .
5 Prof. Jin-Yi Yu

Apply the Energy Conservation to a Control Volume

* The first law of thermodynamics is usually derived by considering a
system in thermodynamic equilibrium, that is, a system that is
initially at rest and after exchanging heat with its surroundings and
doing work on the surroundings is again at rest.

* A Lagrangian control volume consisting of a specified mass of fluid
may be regarded as a thermodynamic system. However, unless the
fluid is at rest, it will not be in thermodynamic equilibrium.
Nevertheless, the first law of thermodynamics still applies.

+ The thermodynamic energy of the control volume is considered to
consist of the sum of the internal energy (due to the kinetic energy
of the individual molecules) and the kinetic energy due to the
macroscopic motion of the fluid. The rate of change of this total
thermodynamic energy is equal to the rate of diabatic heating plus
the rate at which work is done on the fluid parcel by external forces.

[ £55228
N Prof. Jin-Yi Yu

Total Thermodynamic Energy

+ If we let e designate the internal energy per
unit mass, then the total thermodynamic
energy contained in a Lagrangian fluid element
of density p and volume oV is

ple + (1/2)U « U] §V

fa B
W Prof. Jin-Yi Yu

External Forces

» The external forces that act on a fluid element may be
divided into surface forces, such as pressure and
viscosity, and body forces, such as gravity or the
Coriolis force.

» However, because the Coriolis force is
perpendicular to the velocity vector, it can do
no work.

[ ESS228
N Prof. Jin-Yi Yu
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Work done by Pressure

The rate at which the surrounding fluid does
work on the element due to the pressure
force on the two boundary surfaces in the y,
z plane is given by:

(pu)y == . = (-pulg
y - (pre)gdyéz—(pulgdydz
” s AT, .
e By
Bx b 7
(puyp = (pu) g+ | —(pu) o+ ...
x ax 14

So the net rate at which the pressure ) a
force does work due to the x component = [1[“' g = (pu ’ﬁ]"."“f = - TU’“‘ ol
of motion is f

Hence, the total rate at which work is done
by the pressure force is Simply =————

—Vo(pl'ml'

ESS228
Prof. Jin-Yi Yu

Thermodynamic Eq. for a Control Volume

D 1
E [f’" ((J+ ;l'l) r\'l} = —VOl/’l'h”. +;‘:g-lh&l' + pJSV

/

Work done by

Work done by
pressure force

gravity force
J is the rate of heating per unit mass
due to radiation, conduction, and
latent heat release.
(effects of molecular viscosity are neglected) [N Ess228

N Prof. Jin-Yi Yu

Final Form of the Thermodynamic Eq.

DT N )f)cr
Co— el
"or Py

+ After many derivations, this is the usual form of the
thermodynamic energy equation.

* The second term on the left, representing the rate of
working by the fluid system (per unit mass), represents a
conversion between thermal and mechanical energy.

 This conversion process enables the solar heat energy to
drive the motions of the atmosphere.

fa B
W Prof. Jin-Yi Yu

Entropy Form of Energy Eq.

DT Do
Cp—— p— =
" De Di * The rate of change of entropy (s) per unit
mass following the motion for a
Pa=RT thermodynamically reversible process.
Cp=Cv+R * Areversible process is one in which a
system changes its thermodynamic state
and then returns to the original state without
) DT — D/’ _ changing its surroundings.
p— —_—=
e Di
Divided by T
DinT an p J Ds
« - === —
Y Dt T 1
PN Ess228
N Prof. Jin-Yi Yu
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Potential Temperature (0)

» For an ideal gas undergoing an adiabatic process (i.e., a reversible
process in which no heat is exchanged with the surroundings; J=0),
the first law of thermodynamics can be written in differential form as:

cpDInT — RDInp=D(c,InT — Rlnp)=0

) . Rile Dlin# J Ds
>0 = /) pyiee >|le,— =2 =
T/ D T T D

» Thus, every air parcel has a unique value of potential temperature, and this
value is conserved for dry adiabatic motion.

+ Because synoptic scale motions are approximately adiabatic outside regions
of active precipitation, 0 is a quasi-conserved quantity for such motions.

» Thus, for reversible processes, fractional potential temperature changes are
indeed proportional to entropy changes.

» A parcel that conserves entropy following the motion must move along an

isentropic (constant 0) surface. S £ss228
S Prof. Jin-Yi Yu

Dry Adiabatic Lapse Rate
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temperature is 10° C
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Temperature (°C)
(from Meteorology: Understanding the Atmosphere) N Essss
- Prof. Jin-Yi Yu

Static Stability

If potential temperature is a function of height. the atmospheric lapse rate, I' =
—dT/ oz, will differ from the adiabatic lapse rate and

T oo . .
gz la—t
dz

If I < I'd so that 8 increases with height, an air parcel that undergoes an
adiabatic displacement from its equilibrium level will be positively buoyant when
displaced downward and negatively buoyant when displaced upward so that it
will tend to return to its equilibrium level and the atmosphere is said to be
statically stable or stably stratified.

(!Hu/d: = ()
(!H”/(!: =0
(fHu/d: <0

statically stable,
statically neutral,
statically unstable.
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Scaling of the Thermodynamic Eq.

.dT _dp
= =J
Pdt “dl
dar z:L) (_:E
— = =J+aLt+a(U Vp)+w
dt ¢t oz
— (‘”‘"—T = J+ qg!-, +a(U-Vp)Fwe
Pdt ét
—_— JTT _ _" - (L"n- \
' .
‘ S Small terms; neglected after scaling
— F:—T -4 £, -U VT—H‘{—T
ct C, » oz
! = -aT/ az = lapse rate
—_— oL pgro & 8T = g/c, = dry lapse rate
ér C, C, z
— e_—rfi—l'-VT—u-ll'"_—]') _
er P [ N 555228
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Pressure Gradients

¢ Pressure Gradients

— The pressure gradient force initiates movement of atmospheric
mass, wind, from areas of higher to areas of lower pressure

* Horizontal Pressure Gradients
— Typically only small gradients exist across large spatial scales
(1mb/100km)
— Smaller scale weather features, such as hurricanes and tornadoes,
display larger pressure gradients across small areas (1mb/6km)

* Vertical Pressure Gradients
— Average vertical pressure gradients are usually greater than
extreme examples of horizontal pressure gradients as pressure
always decreases with altitude (1mb/10m)
ESS228
b Prof. Jin-Yi Yu
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Temperature Tendency Equation

If)

TermA TermB Term C

[}

8%

* Term A: Diabatic Heating
e Term B: Horizontal Advection
e Term C: Adiabatic Effects

(heating/cooling due to vertical motion in a stable/unstable atmosphere)

e 55228
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Primitive Equations

The scaling analyses results in a set of approximate
equations that describe the conservation of
momentum, mass, and energy for the atmosphere.

These sets of equations are called the primitive
equations, which are very close to the original
equations are used for numerical weather prediction.

The primitive equations does not describe the moist
process and are for a dry atmosphere.

P 55228
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Primitive Equations

du laley

_— »f\' =—— (1) zonal momentum equation

dt ox

dv o N _

e =— meridional momentum equation
Ju — (2) dional t t

dt oy

dp . :

—=—pg (3) hydrostatic equation

dz

- - -

cu oV ow
L =0 (4) continuity equation
éx <oy ap

dT dp
Cp—r— ad—= Q (5) thermodynamic energy equation
dt dt
- i f -
p= pRT (6) equation of state o P
S Prof. Jin-Yi Yu
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