
Lecture 2: Basic Conservation LawsLecture 2: Basic Conservation Laws

• Conservation of Momentum• Conservation of Momentum
• Conservation of Mass
• Conservation of Energy
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Conservation of Energy
• Scaling Analysis



Conservation Law of MomentumConservation Law of MomentumConservation Law of MomentumConservation Law of Momentum

Newton’s 2nd Law 
of Momentum

= absolute velocity viewed in an inertial system

= rate of change of Ua following the motion in an inertial system

• The conservation law for momentum (Newton’s second law of

 rate of change of Ua following the motion in an inertial system

• The conservation law for momentum (Newton s second law of 
motion) relates the rate of change of the absolute momentum 
following the motion in an inertial reference frame to the sum 
f h f i h fl id
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of the forces acting on the fluid.



Apply the Law to a Rotating CoordinateApply the Law to a Rotating Coordinate
• For most applications in meteorology it is desirable to refer the 

motion to a reference frame rotating with the earth. 

• Transformation of the momentum equation to a rotating  
coordinate system requires a relationship between the total 
derivative of a vector in an inertial reference frame and thederivative of a vector in an inertial reference frame and the 
corresponding total derivative in a rotating system.

?

The acceleration following the 
ti i i ti l di t

The acceleration following the 
ti i t ti di t

ESS227
Prof. Jin-Yi Yu

motion in an inertial coordinate motion in a rotating coordinate



Total Derivative in a Rotating CoordinateTotal Derivative in a Rotating Coordinate

(in an inertial coordinate)

(i di t ith l l it Ω)(in a coordinate  with an angular velocity Ω)

Change of vector A in 
the rotating coordinate

Change of the rotating coordinate 
view from the inertial coordinatethe rotating coordinate view from the inertial coordinate
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Newton’s 2Newton’s 2ndnd Law in a Rotating FrameLaw in a Rotating Framegg

covert acceleration from an inertial 
to a rotating framesto a rotating frames

absolute velocity of an object on the rotating 
earth is equal to its velocity relative to the earth 

using

q y
plus the velocity due to the rotation of the earth

[Here                                                                      ]              
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Momentum Conservation in a Rotating FrameMomentum Conservation in a Rotating Frame

= pressure gradient force + true gravity + viscous force

on an inertial coordinate

= *

Because

= *

on a rotating coordinate
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Momentum Equation on a Spherical CoordinateMomentum Equation on a Spherical Coordinate

Pole

EquatorEquator
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Rate of Change of Rate of Change of UUgg
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Coriolis Force (for n-s motion)
Suppose that an object of unit mass initially at latitude φ moving zonally at speed uSuppose that an object of unit mass, initially at latitude φ moving zonally at speed u, 
relative to the surface of the earth, is displaced in latitude or in altitude by an 
impulsive force.  As the object is displaced it will conserve its angular momentum in 
the absence of a torque in the east–west direction. Because the distance R to the 
axis of rotation changes for a displacement in latitude or altitude the absoluteaxis of rotation changes for a displacement in latitude or altitude, the absolute 
angular velocity (                    ) must change if the object is to conserve its absolute 
angular momentum.   Here        is the angular speed of rotation of the earth. 
Because        is constant, the relative zonal velocity must change. Thus, the object 
behaves as though a zonally directed deflection force were acting on it.behaves as though a zonally directed deflection force were acting on it. 

using

(neglecting higher-orders)
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Momentum Eq. on Spherical CoordinateMomentum Eq. on Spherical Coordinate

•

•

•

•
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•
•



Momentum Eq. on Spherical CoordinateMomentum Eq. on Spherical Coordinate
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Rate of change of
the spherical coordinate



Scaling AnalysisScaling Analysisg yg y
• Scale analysis, or scaling, is a convenient technique for 

estimating the magnitudes of various terms in the governingestimating the magnitudes of various terms in the governing 
equations for a particular type of motion. 

• In scaling, typical expected values of the following quantitiesIn scaling, typical expected values of the following quantities 
are specified: 
(1) magnitudes of the field variables; 
(2) lit d f fl t ti i th fi ld i bl(2) amplitudes of fluctuations in the field variables; 
(3) the characteristic length, depth, and time scales on which    
these fluctuations occur. 

• These typical values are then used to compare the 
magnitudes of various terms in the governing equations.
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Scales of Atmospheric MotionsScales of Atmospheric Motions
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Scaling for SynopticScaling for Synoptic--Scale MotionScale Motion
• The complete set of the momentum equations describe all 

scales of atmospheric motions.p

We need to simplify the equation for synoptic-scale motions.

We need to use the following characteristic scales of the fieldWe need to use the following characteristic scales of the field 
variables for mid-latitude synoptic systems:
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Pressure GradientsPressure Gradients
• Pressure Gradients

Pressure GradientsPressure Gradients

– The pressure gradient force initiates movement of atmospheric 
mass, wind, from areas of higher to areas of lower pressure

• Horizontal Pressure Gradients• Horizontal Pressure Gradients
– Typically only small gradients exist across large spatial scales 

(1mb/100km)
S ll l th f t h h i d t d– Smaller scale weather features, such as hurricanes and tornadoes, 
display larger pressure gradients across small areas (1mb/6km)

• Vertical Pressure Gradients
– Average vertical pressure gradients are usually greater than 

extreme examples of horizontal pressure gradients as pressure 
always decreases with altitude (1mb/10m)

ESS227
Prof. Jin-Yi Yu

y ( )



Scaling Results for the Horizontal Momentum EquationsScaling Results for the Horizontal Momentum Equations
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Geostrophic Approximation, Balance, WindGeostrophic Approximation, Balance, Wind

Scaling for mid-latitude synoptic-scale motion

Geostrophic wind

• The fact that the horizontal flow is in approximate geostrophic balance is 
helpful for diagnostic analysis
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helpful for diagnostic analysis. 



Weather PredictionWeather Prediction

• In order to obtain prediction equations, it is necessary to retain p q , y
the acceleration term in the momentum equations.

• The geostrophic balance make the weather prognosis 
(prediction) difficult because acceleration is given by the small(prediction) difficult because acceleration is given by the small 
difference between two large terms.

• A small error in measurement of either velocity or pressure 
di ill l d l i i i h
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gradient will lead to very large errors in estimating the 
acceleration.



RossbyRossby NumberNumberyy

R b b i di i l f th• Rossby number is a non-dimensional measure of the 
magnitude of the acceleration compared to the Coriolis force: 

Th ll th R b b th b tt th t hi• The smaller the Rossby number, the better the geostrophic 
balance can be used.

R b b th l ti i t f th i ti l• Rossby number measure the relative importnace of the inertial 
term and the Coriolis term.

Thi b i b t O(0 1) f S ti th d b t
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• This number  is about O(0.1) for Synoptic weather and about 
O(1) for ocean.



Scaling Analysis for Vertical Momentum Eq.Scaling Analysis for Vertical Momentum Eq.

Hydrostatic Balance

ESS227
Prof. Jin-Yi Yu



Hydrostatic BalanceHydrostatic BalanceHydrostatic BalanceHydrostatic Balance

• The acceleration term is several orders smaller than theThe acceleration term is several orders smaller than the 
hydrostatic balance terms.
Therefore, for synoptic scale motions, vertical 

accelerations are negligible and the vertical velocity 
cannot be determined from the vertical momentum 
equation
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equation.



Vertical MotionsVertical MotionsVertical MotionsVertical Motions

• For synoptic-scale motions, the vertical velocity component isFor synoptic scale motions, the vertical velocity component is 
typically of the order of a few centimeters per second. Routine 
meteorological soundings, however, only give the wind speed 
t f b t t dto an accuracy of about a meter per second. 

• Thus, in general the vertical velocity is not measured directly 
b b i f d f h fi ld h d di lbut must be inferred from the fields that are measured directly.

• Two commonly used methods for inferring the vertical motion 
field are (1) the kinematic method, based on the equation of 
continuity, and (2) the adiabatic method, based on the 
thermodynamic energy equation.
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Primitive Equationsq
(1) zonal momentum equation

(2) meridional momentum equation

(3) hydrostatic equation

(4) continuity equation

(5) thermodynamic energy equation
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(6) equation of state



The Kinematic MethodThe Kinematic Method
• We can integrate the continuity equation in the vertical to get the vertical 

velocity.

• We use the information of horizontal divergence to infer the vertical 
velocity. However, for midlatitude weather, the horizontal divergence is 
due primarily to the small departures of the wind from geostrophic balancedue primarily to the small departures of the wind from geostrophic balance. 
A 10% error in evaluating one of the wind components can easily cause the 
estimated divergence to be in error by 100%. 

• For this reason the continuity equation method is not recommended for

ESS227
Prof. Jin-Yi Yu

For this reason, the continuity equation method is not recommended for 
estimating the vertical motion field from observed horizontal winds.



The Adiabatic MethodThe Adiabatic Method
• The adiabatic method is not so sensitive to errors in the 

measured horizontal velocities, is based on the thermodynamic 
energy equation.
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Conservation of MassConservation of MassConservation of MassConservation of Mass

• The mathematical relationship thatThe mathematical relationship that 
expresses conservation of mass for a fluid 
is called the continuity equation.y q

(mass divergence form)

(velocity divergence form)
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Mass Divergence Form (Eulerian View)Mass Divergence Form (Eulerian View)

for a fixed control volume

• Net rate of mass inflow through the sides = Rate of mass accumulation within the volumeg

• Net flow through the δy• δ z surface)
�

• Net flow from all three directions =

R t f l ti
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• Rate of mass accumulation = 

• Mass conservation �



Velocity Divergence Form (Lagragian View)Velocity Divergence Form (Lagragian View)

• Following a control volume of a fixed mass (δ M), the amount of mass is 
conserved.

�

d• and 
�
�
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Scaling Analysis of Continuity Eq.Scaling Analysis of Continuity Eq.

Term A 

T B ( b )Term B ( because                                     )

Term C =                                          and
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or



M i f th S l d C ti it EMeaning of the Scaled Continuity Eq.

scaled

• Velocity divergence vanishes
( ) i

• For purely horizontal flow, the 
t h b h th h( )  in an 

incompressible fluid.
atmosphere behaves as though 
it were an incompressible fluid. 
• However, when there is 
vertical motion thevertical motion the 
compressibility associated with 
the height dependence of ρ0 
must be taken into account.
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The First Law of Thermodynamicsy
• This law states that (1) heat is a form of energy 

h (2) i i i h f fthat (2) its conversion into other forms of energy 
is such that total energy is conserved.

• The change in the internal energy of a system is 
equal to the heat added to the system minus the q y
work down by the system:

ΔΔU QU Q WWΔΔU = Q U = Q -- WW

h i i l
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change in internal energy
(related to temperature)

Heat added to the system Work done by the system



(from Atmospheric Sciences: An Intro. Survey)

• Therefore, when heat is added 
to a gas, there will be some 
combination of an expansioncombination of an expansion 
of the gas (i.e. the work) and 
an increase in its temperature 
(i th i i i t l(i.e. the increase in internal 
energy):

Heat added to the gas = work done by the gas + temp. increase of the gas

ΔH =             p Δα +         Cv ΔT
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p v

volume change of the gas specific heat at constant volume



Heat and TemperatureHeat and Temperature
• Heat and temperature are both related to the internalHeat and temperature are both related to the internal 

kinetic energy of air molecules, and therefore can be 
related to each other in the following way:

Q * *Q * *ΔΔTTQ = c*m*Q = c*m*ΔΔTT

Heat added 

Specific heat = the amount of heat per unit mass required
to raise the temperature by one degree Celsius

Mass Temperature changed 
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to raise the temperature by one degree Celsius



Specific Heat
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(from Meteorology: Understanding the Atmosphere)



Apply the Energy Conservation to a Control Volume

• The first law of thermodynamics is usually derived by considering a 
system in thermodynamic equilibrium, that is, a system that is 
initially at rest and after exchanging heat with its surroundings and 
doing work on the surroundings is again at rest.

• A Lagrangian control volume consisting of a specified mass of fluid• A Lagrangian control volume consisting of a specified mass of fluid 
may be regarded as a thermodynamic system. However, unless the 
fluid is at rest, it will not be in thermodynamic equilibrium. 
Nevertheless, the first law of thermodynamics still applies.Nevertheless, the first law of thermodynamics still applies.

• The thermodynamic energy of the control volume is considered to 
consist of the sum of the internal energy (due to the kinetic energy 

f h i di id l l l ) d h ki i d hof the individual molecules) and the kinetic energy due to the 
macroscopic motion of the fluid. The rate of change of this total 
thermodynamic energy is equal to the rate of diabatic heating plus 
the rate at which work is done on the fluid parcel by external forces
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the rate at which work is done on the fluid parcel by external forces.



Total Thermodynamic EnergyTotal Thermodynamic EnergyTotal Thermodynamic EnergyTotal Thermodynamic Energy

• If we let e designate the internal energy per 
unit mass, then the total thermodynamic , y
energy contained in a Lagrangian fluid element 
of density ρ and volume δV isy ρ
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External ForcesExternal Forces

• The external forces that act on a fluid element may be 
divided into surface forces, such as pressure and 
viscosity, and body forces, such as gravity or the 
Coriolis forceCoriolis force.

• However, because the Coriolis force is 
di l t th l it t it dperpendicular to the velocity vector, it can do 

no work.
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Work done by Pressure Work done by Pressure yy
The rate at which the surrounding fluid does 
work on the element due to the pressurework on the element due to the pressure 
force on the two boundary surfaces in the y, 
z plane is given by: 

So the net rate at which the pressure 
force does work due to the x component 
of motion is

Hence the total rate at which work is done
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Hence, the total rate at which work is done 
by the pressure force is simply



Thermodynamic Eq. for a Control VolumeThermodynamic Eq. for a Control Volumey qy q

Work done by 
pressure force

Work done by 
gravity force

J is the rate of heating per unit mass 
due to radiation, conduction, and 
latent heat release.
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(effects of molecular viscosity are neglected)



Final Form of the Thermodynamic Eq.Final Form of the Thermodynamic Eq.Final Form of the Thermodynamic Eq.Final Form of the Thermodynamic Eq.

• After many derivations, this is the usual form of the 
thermodynamic energy equation.y gy q

• The second term on the left, representing the rate of 
working by the fluid system (per unit mass), represents a g y y (p ) p
conversion between thermal and mechanical energy.

• This conversion process enables the solar heat energy to 
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drive the motions of the atmosphere.



Entropy Form of Energy Eq.py gy q

• The rate of change of entropy (s) per unit

P α = RT

Cp=Cv+R

• The rate of change of entropy (s) per unit 
mass following the motion for a 
thermodynamically reversible process.

• A reversible process is one in which aCp=Cv+R A reversible process is one in which a 
system changes its thermodynamic state 
and then returns to the original state without 
changing its surroundings.

Divided by T
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Potential Temperature (Potential Temperature (θθ))
• For an ideal gas undergoing an adiabatic  process (i.e., a reversible 

process in which no heat is exchanged with the surroundings; J=0), 
the first law of thermodynamics can be written in differential form as:

• Thus, every air parcel has a unique value of potential temperature, and this 
value is conserved for dry adiabatic motion. 

• Because synoptic scale motions are approximately adiabatic outside regions y p pp y g
of active precipitation, θ is a quasi-conserved quantity for such motions.

• Thus, for reversible processes, fractional potential temperature changes are 
indeed proportional to entropy changes. 
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• A parcel that conserves entropy following the motion must move along an 
isentropic (constant θ) surface.



Static Stabilityy

If Г < Гd so that θ increases with height, an air parcel that undergoes an 
di b ti di l t f it ilib i l l ill b iti l b t hadiabatic displacement from its equilibrium level will be positively buoyant when 

displaced downward and negatively buoyant when displaced upward so that it 
will tend to return to its equilibrium level and the atmosphere is said to be 
statically stable or stably stratified.y y
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Scaling of the Thermodynamic Eq.

Small terms; neglected after scalingSmall terms; neglected after scaling

Г= -əT/ əz = lapse rateГ  əT/ əz  lapse rate
Гd= -g/cp = dry lapse rate
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Pressure GradientsPressure Gradients
• Pressure Gradients

Pressure GradientsPressure Gradients

– The pressure gradient force initiates movement of atmospheric 
mass, wind, from areas of higher to areas of lower pressure

• Horizontal Pressure Gradients• Horizontal Pressure Gradients
– Typically only small gradients exist across large spatial scales 

(1mb/100km)
S ll l th f t h h i d t d– Smaller scale weather features, such as hurricanes and tornadoes, 
display larger pressure gradients across small areas (1mb/6km)

• Vertical Pressure Gradients
– Average vertical pressure gradients are usually greater than 

extreme examples of horizontal pressure gradients as pressure 
always decreases with altitude (1mb/10m)
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July
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Temperature Tendency EquationTemperature Tendency Equation

Term A Term B Term C

T A Di b i H i• Term A: Diabatic Heating
• Term B: Horizontal Advection
• Term C: Adiabatic Effects

(heating/cooling due to vertical motion in a stable/unstable atmosphere)
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Primitive EquationsPrimitive EquationsPrimitive EquationsPrimitive Equations

• The scaling analyses results in a set of approximate 
equations that describe the conservation of 

t d f th t hmomentum, mass, and energy for the atmosphere.

• These sets of equations are called the primitive 
equations, which are very close to the original 
equations are used for numerical weather prediction.

• The primitive equations does not describe the moist 
process and are for a dry atmosphere.
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Primitive Equationsq
(1) zonal momentum equation

(2) meridional momentum equation

(3) hydrostatic equation

(4) continuity equation

(5) thermodynamic energy equation

ESS227
Prof. Jin-Yi Yu

(6) equation of state


