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The velocity distribution of barotropic turbulence
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We study the statistical properties of the velocity and velocity gradient distributions in barotropic
turbulence. At large enough Reynolds number, the velocity distribution becomes non-Gaussian
outside the vortex cores, and its characteristics are completely determined by the properties of the
far field induced by the coherent vortices. The velocity gradients are always non-Gaussian inside
coherent vortices, due to the spatial velocity correlations associated with the ordered flow in the
vortex cores, and become non-Gaussian also in the background turbulence at large enough Reynolds
number. © 2000 American Institute of Physid$$1070-663(00)51110-6

I. INTRODUCTION dynamical origin of the non-Gaussian behavior.
The rest of the paper is organized as follows. In Sec. Il

A classic approach to the study of turbulent geophysicalve introduce the equation of motion for barotropic turbu-
flows is based on a statistical descriptfoBtochastic models lence and the numerical scheme we use to solve it. In Sec. Il
used to describe particle transport in large Reynolds numbewe discuss the results of the analysis of the simulated veloc-
flows usually consider only the first- and second-order moity fields, investigating the role of Reynolds number, initial
ments(i.e., mean and variangand rely upon the hypothesis conditions, and viscosity. A non-Gaussian velocity distribu-
of Gaussian velocities. For Gaussian distributions, the tion is found whenever the Reynolds number is large
higher-order moments, needed to define statistical quantitiesnough. Here we also analyze the velocity distributions in
such as the minimum or maximum time tracers take to reachegions with different dynamical properties, showing that
a given location, can be derived from the mean and the varinon-Gaussian distributions are observed mainly outside co-
ance. herent structures. In Sec. IV the role of the vortices is ex-

On the other hand, numerical and theoretical studies oplored in detail. We show that the background velocity field
point-vortex systems and two-dimensional turbulefide, can be separated into a contribution due to the far field of the
laboratory experimenf@and analyses of subsurface floats in vortices and a contribution generated by the local vorticity in
the oceahindicate that velocity distributions in rotating tur- regions far from the vortices. In Sec. V the example of point-
bulent flows can be non-Gaussian. In this case, higher-ordéortex systems is considered. In the conclusion section, we
moments cannot be derived from the mean and the variand&iefly consider how free-surface effects and differential ro-
and the knowledge of the full shape of the velocity distribu-tation affect the velocity distribution, and we discuss the pos-
tion becomes over]y important for proper|y formu|ating sto- sible implications of these results on the interpretation of
chastic dispersion modeéfs. velocity pdfs in the ocean.

To explore this issue in a simple but realistic model, here
we analyze in some detail a set of numerical simulations of
the dynamics of rotating barotropic fluids under the quasidl. DYNAMICS OF BAROTROPIC TURBULENCE
geostrophic approximation. This model, usually referred to , , ) ,
as barotropic turbulence, is a first approximation to the de- The equauqn of moupn f(_)r bgrotropm turbulence in the
scription of the dynamics of large-scale geophysicalquas"geoStrOphIC approximation is
flows >*° Barotropic turbulence is dominated by the presence Dq  dq
of coherent vortices, and it has been shown to be character- pi — E’LWQ]:D’ )
ized by a non-Gaussian velocity distributibhlere we study ) ) o
the dependence of the velocity and velocity gradient distrivhere D/Dt is the total advective derivative[y,q]

butions on the Reynolds number and we further elucidate thg 9x¥dyd—dy#d,q is the two-dimensional Jacobian opera-
tor, D is a generic dissipative terng; is the streamfunction,

andg=w+ f— /R? is potential vorticity. Heref is the Co-
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In this approximation, relative vorticity is defined as The identification of the different regions present in the
=V2y. Consistently, the velocity field=(u,v) is given by  field can be done in several ways. The simplest, and more
u=—dy¢ andv=d,. On a spherical planet, the Cartesian naive, criterion identifies coherent structures as regions
reference framéx,y) is defined on the plane of motion such where the vorticityw(x,y) exceeds a given threshold value.
that the variables refers to longitudinal variations andvar-  Despite its coarseness, this criterion has largely and profit-
ies with latitude. ably been used in the literatdfé® due to its simplicity.

The Coriolis parametef in the B-plane approximation Other criteria seek for approximately circular connected do-
becomed = f,+ By, wheref,=2Q sin6,, Q is the rotation mains of high vorticity around a central petkor employ
frequency of the Earth, ang}, is a reference latitude. Differ- wavelet-based classification schemég?
ential rotation(i.e., the variation of the Coriolis parameter A different approach has been proposed by Okfiaad
with latitude) enters as a linear correction through the paramWeiss?! and recently improved by Hua and Kleih This
eter 8= 20 cosby/Re, whereRg is the radius of the Earth. criterion is based on the use of the quanf@yx,y,t)=S?

The last term in the definition of potential vorticity is —w?, which measures the relative contribution of the
usually referred to as the free-surface contribution, and it isquared vorticityw? and of the squared straBf. The latter
written in terms of the dimensionless Rossby deformatioris defined a§2=sﬁ+s§, wheres,=d,u—dyv andsg=dyu
radius. When the domain is sufficiently small, free-surface+ d,v are, respectively, the normal and shear components of
effects and the variation of the Coriolis parameter with lati-strain. Regions dominated by rotation have negative values
tude can be discarded. In this case, potential vorticity can bef Q and are referred to as elliptic domains, while hyperbolic
replaced by relative vorticity in Eq1). We first consider domains haveQ>0 and are characterized by strong defor-
this approximation, and, in the discussion section, we brieflymation. Vortex cores are associated with strongly negative
discuss how the results are modified by the inclusion of freevalues ofQ.
surface effects and differential rotation. In the following, we integrate the vorticity equatigh)

The dissipative ternD represents either molecular or starting from random, Gaussian initial conditions. The inte-
eddy viscosity. In the latter case it is considered as a parangration of the equation of motion is performed by a standard
etrization of unresolved small-scale motions. Here we us@seudospectral code wit§ dealiasing and a third-order

the general form Adams—Bashforth time integration scheme in a doubly peri-
o1 wone? odic square domain with size=2. The resolution of the
D=(=1)" "v,VV, 2 doubly periodic domain has been varied from 12 to

1024x 1024 collocation points.

We consider two types of initial energy spectra that have
been used in the literature. One is a narrow-bdN®)
spectrum® given by

wherew, is the viscosity coefficient and is a positive inte-
ger. Forn=1, D is standard Newtonian viscosity, while for
n>1, D represents the so-called hyperviscosity.

In the inviscid case =0), Eq.(1) has an infinite num-

ber of conserved quantities. Among these, there are two qua- Eok®
dratic invariants: the mean enerfyand the mean enstrophy Ena(K)= 18 5)
Z, given by 1+ 80
1 i 3 g
E— TJ (V) 2dxdy, 3 and the other is a broadbaBB) spectruri® given by
Eok
1 Egs(k)= T KA (6)
— 2 2 —

Figure 1 and 2 show the vorticity fields at tintie= 15

The simultaneous conservation of these two quantitiegenerated using a biharmonic viscosity operaE(?& @) and
leads to a direct cascade of enstrophy toward small scale8roadband initial energy spectrum W'DE:_%* 10°® (Fig. 1)
and an inverse cascade of energy from small to large scale@nd narrov_v;band spectrum with=5X10"" [Fig. 28], or
The term responsible for the energy and enstrophy transfere = 2 10 [Fig. 2b)].
is the only nonlinear term in Eq1), i.e., the Jacobian term.

In the dissipative case, spectral transfers are present %%
well, even if energy and enstrophy are decaying. These spec-
tral transfers lead to the development of long-lived coherent  We next consider the shape of the distribution of veloci-
structures, as revealed by numerical simulatibasid labo-  ties and velocity gradients, and its dependence on the Rey-
ratory experiment$? In general, coherent vortices can be nolds number and the initial vorticity spectrum.
defined as approximately axisymmetrical vorticity concentra-  In Fig. 3@ we show the velocity pdf of the turbulent
tions whose lifetime is much larger than their eddy turnoverfield displayed in Fig. &) for t=15. The mean eddy turn-
time. The vortices play an especially important role in tracerover time att=15 is Te=0.17, for comparison]g=2Z"?
dynamics, due to their capability of trapping passive tracers=0.12 at timet=0. Since the velocity field is statistically
for long times and transporting them over large distancessotropic and has zero average, we have considered the dis-
(see, e.g., Provenzafefor a review. tribution of the modulus of the two components, normalized

wherel is the size of th€squarg domain.

VELOCITY AND VELOCITY GRADIENT
STRIBUTIONS
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FIG. 1. Vorticity field at timet=15, as given by numerical simulation of
Eq. (1) with 1/R=0, =0, and a biharmonic dissipation term with=5
X 1078, The resolution is 512 512 grid points and the initial conditions are
given by a random vorticity field with a broadband energy spectrum.

by the velocity rms value. Figure(® clearly indicates that
there is significant deviation from a Gaussian distribution, as
already discussed by Jimez?

When lowering the Reynolds number, however, the de-
parture from Gaussianity is reduced and it disappears at low
Re. In Fig. 3b) we show the velocity pdf of the turbulent
field displayed in Fig. &) for t=15. In this case, the mean
eddy turnover time i§=0.57 att=15 and the distribution
is indistinguishable from a Gaussian. Simulations at interme-
diate values of the Reynolds number have revealed a smooth
transition from Gaussian behavior at small Re toward non-
Gaussian pdfs at high Re, as indicated, for example, by a
gradual increase of the kurtosis for growing Re.

The above results do not depend on the specific dissipa- (b)
tion scheme that is employed. A simulation performed with
higher resolution(1024x 1024 grid points and Newtonian FIG. 2. (@ Vorticity field at time t=15, for a narrow-band initial energy
viscosity withn=1 and »,=5X 10—5, has a global evolu- spectrum at high Rev§=5><10’92.7 (b) Vorticity field for the same initial
tion comparable with that with=2 and»,=5x 1078, and  conditions atlower Re%=5x10"").
produces similar non-Gaussian pdfs. Another simulation,
performed with a higher-order viscosity operatoD (
=10 1%v8w), confirms that pdfs at high Reynolds numbers The Kolmogorov—SmirnoK—S) test, which measures the
are strongly non-Gaussian, independent of the ordef  significance of the maximum deviation between an empirical
hyperviscosity chosen. and a specified theoretical distribution, has been used to

On the other hand, the shape of the velocity pdf doegjuantify the departure from a Gaussian. Low values of the
depend on the initial conditions. When we change the shapk—S statistic(i.e., «<0.05 in the tablgindicate rejection of
of the initial energy spectrum to a broad band form, keepinghe null hypothesis of a Gaussian distribution at the 95%
the dissipation unchanged, the departure from a Gaussiaonfidence level. Thus, non-Gaussian velocity pdfs seem to
distribution is reduced. For the broad spectrum peaked amerge only for narrow-band initial conditions when the
large scales, Eqb6), the pdf is well described by a Gaussian, Reynolds number is large enough.
and the use of different viscosity coefficients does notlead to  The next step is to determine whether there are signifi-
any significant deviation from Gaussianity. cant differences in the distributions associated with the dif-

To summarize the results found in the simulations, inferent topological domains of two-dimensior(@+D) turbu-
Table | we report the kurtosis=(u*)/(u?)? of the velocity  lence, as suggested by Bracebal.” To address this issue,
distributions for the different cases considered. The vélue we partition the turbulent field into three different regions, as
=3 characterizes a Gaussian distribution, while higher valdiscussed by Elhmidi et al>* Vortex cores are identified as
ues are associated with the presence of non-Gaussian taifegions where& is strongly negative and the modulus of the
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10° vorticity is larger than a fixed threshold,,, chosen as in
Benziet al}* as w,=0.20,, whereo, is the standard de-
viation of the vorticity field. Circulation cells are identified
as regions wher€) attains large positive values and the ki-
netic energy is large. Then, what is left is the background,
whereQ~0 and the energy is low. Figure 4 shows the ve-
locity pdfs for the vortex coregpanel (a)], for the region
outside vorticesi.e., circulation cells and background, panel
(b)], and for the background alopanel(c)] in the case of
narrow-band initial conditions and high Reynolds number.
The results do not significantly change if other similar
threshold values are chosen. Inside vortices, the distribution
is nearly Gaussian. A different result is obtained for the ve-
locity distribution in the region outside the vortices. Here,
the velocity distribution has both a high tail for large veloci-
o ties and a non-Gaussian central portion at small velocities,
(@) indicating that deviations from normality are not simply due
to energetic events. The further exclusion of the velocities in
10° the circulation cells around the vorticéshere large veloci-
ties are expecté) does not change the non-Gaussian distri-
bution significantly, as shown by the similarity between Figs.
4(b) and 4c).

In the corresponding analysis performed on the field at
low Reynolds number, nearly Gaussian behavior has been
found everywhere, independent of the region selected.

Also of interest are the distributions of velocity gradients
(and velocity differencesJimaeZ and Minet al? provided
analytic expressions for the distribution of velocity gradients
generated by an ensemble of point vortices, and showed that
it rapidly converges to a Cauchy distribution when the num-
ber of vortices increases. Figure 5 show the distribution of
velocity gradientsgu/dx anddu/dy, for narrow-band initial
10° T T T T T conditions and the two values of the Reynolds number con-
sidered. We could have equivalently consideseddx and
dvldy, due to the isotropy of the field. However, considering
the four elements of the velocity Jacobian altogether is re-
FIG. 3. One-point velocity distribution for the fields shown in Figa)2 dundant, due to the relat|onsh|p&1/ay_=_—au/&x and
(panel a and in Fig. 2b) (panel b. The dashed line in each panel shows a 90/ dX=w+duldy, that make these quantities dependent on
Gaussian distribution with the same variance of the data. each other. The three curves in each panel refer, respectively,

10"

10°—

pdi(vig)

10°

10"

10"

pdf(vig)

10°

(b)

TABLE |. Results of the analysis of the full set of velocity fields considered in the text. The columns contain,
in order, the number of collocation points on each axis, the properties of the initial spdseariqs(5) and

(6)], the exponenh of the Laplacian, and the viscosity coefficient [see Eq.(2)], the value ofg, and of the
nondimensional Rossby deformation radius, the standard deviatjgrand the kurtosig, of the velocity field

and the K-S statistics. In the last two rows, given the anisotropy due to the presepeOofthe two
componentsi andv of the velocity field are analyzed separately.

Resolution i.c n I B R Ot Kot a
512 NB 2 5x 1077 0 © 0.4 35 0.19
512 NB 2 5x10°8 0 0 0.6 4.0 451078
512 NB 2 5x10°° 0 o 0.7 43 1.%10°8
512 NB 4 1x 1016 0 0 0.7 4.7 5.610 %
1024 NB 1 3x107° 0 0 0.6 3.7 0.018
512 BB 2 5x10°8 0 © 0.7 3.3 0.32
512 NB 4 1x 10716 0 025 05 5.6 8.x10 %
512 NB 2 55108 10 0 0507 3225 0.8 1510°°
512 NB 2 5x10°8 10 025 0404 3326 3R10227x10°72
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10°

10"

104

FIG. 4. Velocity pdfs for the vorticity field of Fig. (&), as obtained by
considering only regions inside vorticgganel a, outside vorticegpanel b,
and in the background outside vortices and circulation ¢psel ¢. The

dashed line shows a Gaussian distribution with the same variance of th

data.
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FIG. 5. Panelga) and (b) show the velocity gradient distribution for the
vorticity fields shown, respectively, in Figs(@ and Zb). In each panel, the
solid curve refers to the whole field, the long-dashed curve refers to the
velocity gradients inside vortex cores, and the short-dashed curve refers to
the velocity gradients outside vortices.

to the velocity gradient pdf in the whole field, in the vortex
cores, and in the background. For the whole field, both dis-
tributions are non-Gaussian, indicating the presence of sig-
nificant spatial correlations in the velocity field. This should
indeed be expected due to the presence of coherent vortices.
We also note that a fit of these pdfs to a Cauchy distribution
does not produce satisfactory results, contrary to what occurs
for point vortices. This is due to the fact that these vortices
have finite cores, that modify the tails of the pdfs at large
velocity gradients, and that there is a background turbulent
field between the vortices, that affects the central portion of
the pdfs at low values of the gradients.

Inside the vortices, the distribution of velocity gradients
are both non-Gaussian and they have a similar shape. This
indicates that, inside vortices, the ordered nature of the flow
induces strong velocity correlations that can be understood in
terms of “dressed” point vortex singularities, as discussed
by JimmeZ and Min et al* The situation changes com-
pletely outside the vortices, where the dependence on the
Reynolds number appears much more clearly. For low Re,
the velocity gradients have an approximately Gaussian
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FIG. 6. The distribution of the velocity differences between points at distarfoe the vorticity field of Fig. 2a) [panel(a)] and Fig. 2b) [panel(b)]. The
distancer varies from 5 to 100 grid points. The insets show the kurtosis versus the distéorcthe whole field(dashed lingand for the backgroungsolid
line).

distribution in the background. For large Re, the distributionlarger than 3 at small separations is observed anyway. At
becomes definitely non-Gaussian. high Reynolds number, however, the kurtosis growsr as

A further confirmation of the anomalous behavior of the decreases also outside the vorti§Esy. 6a)], further con-
velocity field outside vortices, for the high Reynolds numbersiming the presence of space correlations also in the back-
case, comes from the analysis _Of the distribution _Of the_veground turbulence. Conversely, at low Reynolds number the
locity differencesou between points located at a given dis- kurtosis does not grow for decreasing separations outside the

tancer. For a random Gaussian velocity distribution with no vortices[Fig. 6(b)], indicating that the space correlations of
space correlations, the kurtosis of the velocity differences 9- ’ 9 P

k(r)=(8u®)/(5u)?, assumes the standard valke 3 for the velocity field are entirely concentrated inside the vorti-

any distance. By contrast, space correlations induce higherc€s-

values of the kurtosis at small scaf@$zor both values of the To summarize the results of this section, we conclude
Reynolds number considered here, the presence of vorticégat non-Gaussian velocity and velocity gradient pdfs are
induces space correlations. Thus, a value of the kurtosisbserved in regions outside the vortices, for large enough Re
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and for narrow-band initial conditions. Inside vortices, the 10°
velocity pdfs are approximately Gaussian, while velocity
gradients have a non-Gaussian distribution, independently of
the value of Re(at least in the range explored hgr@his
latter behavior simply reflects the spatial velocity correla-
tions generated by the orderddminay flow inside the vor-

tex cores.

IV. VORTICES AND BACKGROUND: TWO SEPARATE
EFFECTS

In principle, the non-Gaussian behavior of the velocities 107
outside the vortices could be due to both the local properties
of the background turbulence, that might develop different

characteristics at different Reynolds number, or to a nonlocal 10° T T T T T

effect of the vortices themselves, as suggested bynkaie 0 1 2 3 4 5 6

In the following, we show that the latter interpretation is the vie

correct one. FIG. 7. One-point velocity pdfs of theackground-induced velocity fiefdr

To address this issue, we must first separate the contrike field of Fig. Za). The dashed line shows a Gaussian distribution with the
bution of the local properties of the background from thatSame varance.
due to the far field of the vortices. As before, vortices are
identified as regions whete|> w,=0.20,,. Regions where
|w|< wy, are considered to be the background turbulence and _ Iy — 1 K. ikex

v,(X) — w,(k)e'""dk.

are referred to a$. x 2zl K

Thus we define two “clipped” fieldsv, and w, as

In general,u,(x)#0 even forxe 3, because the equality

w for |w|<oy, [o,(k)e**dk=0, valid for xeB, implies
wb={ 0 for |o|=w, D [(kyey 1K) @, (k) *dk=0 only if &,(k)=0 for any given
wave numbek, which is not the case.
0 for |o|<wy, Thus, the original velocity fieldi in the background is
o= for |w|=wy. 8 due to bothuy,, obtained by removing the vorticity inside the
coherent structures, and to the contribution due to the vorti-

In this way, the vorticity fieldw is partitioned into two sepa-

rate contributionsw=w,+ w, . The field w, does not give For this reason, we refer tomckground-induced veloc-
any contribution inside vortices, while, does not give any jyy field u, and to avortex-induced velocity field, , obtained

contribution in the background. Thus, we have attained %y inverting the Poisson equation for the fields and w, ,

local separation of the vorticity inside and outside the COher'respectiver. Each of the fields is different from the original

ent structures. The velocity field, however, is an integral of g|qcity field both in the background and inside the vortices.

the vorticity, a_nd the above s_epgration generates_ npnlocal Figures 7 and 8 show the velocity pdfs obtained for the
effects. In pa.rtlcular, the velocl:lty. field as.souated.vmh IS two fieldsu, andu, separately. The pdf of the background-
not necessarlly cqncentrat'ed inside vortices and it can 9iVe @quced velocity field is Gaussian, while that of the vortex-
nonzero cont_r|l_)ut|_on a_lso_ in the background. To see this, W, ced field is practically coincident with the distribution of
write the vorticity field inside the coherent structures,, as e original velocity field, both in the higfFig. 8@)] and
a Fourier integral, i.e., low [Fig. 8b)] Reynolds number cases. Completely analo-
1 . gous results are obtained for the velocity gradients. In the
w,(X)=V2(i,)= —f o, (k)e*>dk background, the kinetic energy associated withis about
v2m 1% that associated with, , indicating that the properties of
the velocity field are almost entirely determined by the char-

ces,u, .

w(X)= LJ a(k)e**dk, for xev, acteristics of the vortices, not only in regions close to the
= V21 vortices, but everywhere.
0, for xehB,

) V. THE POINT-VORTEX ANALOGY

wherex=(x,y) andk=(ky,ky). When we calculate the ve-
locity field induced byw, , we obtain

The results of the previous sections indicate that non-
Gaussian pdfs are found whenever the vortices are small and
intense, as obtained for high Reynolds number and narrow-

ap, 1 Ky . " band initial spectra. Conversely, low values of the Reynolds

Uy (X) = — oy \/——J’ — 2 o (k) dk number, and/or broadband initial spectra, lead to larger and
2m less intense vorticd%and to Gaussian velocity pdfs. Thus,

and the behavior of the velocity distributions seems to be com-
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10° whereH is the Hamiltonian of the system,
L,
- H({xih == —=G(x.x). (10
1#]
The explicit form of the Green’s functiog, depends on
10%- the boundary conditions. In a doubly periodic domain with
3 length[27, 277], G takes the forrff
g .
= 10° B cosh{x;—X; —2mm)—cogy; —Y;)
G ’XJ)_m;w In cosh 2rm
10" (Xi—Xj)2
o (11
10° | , I | : The statistical properties of the velocity field generated
0 1 2 3 4 5 6 by a point-vortex system have been studied by diezé
vie Min et al,* and Weisst al?®
(a) If there is only one vortex, the modulls of the veloc-

ity, U=(u?+v?)2 at a point at distance from it is pro-
portional to 1f for small r. Thus, the probability density
function p,(U) of the velocity generated by a single point
vortex is p;(U)dU=p(r)dr, wherer is the distance at
which the velocity U is found, rec1/U. Since p(r)dr
=2rdr, one obtains

dr 1 |dr

1
PU=T g0~ U Jau] o

pdi(vig)

In a system ofN randomly placed point vortices, the
velocity at a point is given by the sum of the contributions of
N vortices. ForN—o, the central limit theorem ensures
asymptotic convergence to a Gaussian, but this convergence
is extremely slow?~° Even for a system of fpoint vortices,

10° | | | : | the devia.tion fro.m a Gaussian _is significant. For afinite num-
0 1 2 3 4 5 6 ber of point vortices, the velocity distribution has a Gaussian
vio central portion at low velocities and non-Gaussian tails at
(b) high velocity.
FIG. 8. One-point velocity pdfs of theortex-induced velocity fiel¢solid For pOiI’lt vortices, high velocities are related to regions
ined and of the total velg}::i?y felddashed mesfor the field of Fig. 29  CloSe 10 the vortices themselves, where the vorticity singu-
[panel(a)] and of Fig. 2b) [panel(b)]. larity implies also divergent velocities. In two-dimensional
turbulence, however, the ardar core) of each vortex is
finite and vorticity is not divergent. Intuitively, extended vor-
pletely determined by the vortex population. This naturallytices can be thought of as point vortices “dressed” by a
suggests resorting to the point-vortex analogy, where thgnape function with finite support. Inside vortices, the prop-
turbulent dynamics is described in terms of the interactionsties of the shape function determine the velocity distribu-
between a finite number of pointwise vorticity tion, Sufficiently far from the vortex center, however, the
concentrationd!-2%:2* velocity field induced by the presence of an extended vortex

In this approach, the vorticity field can be written as theqgp pe approximated by that produced by a point vofsee

sum of the individual vortex contributiong.e., a singular  jimaeZ and Min et al? for a study of the velocity pdfs

10"

version of the fieldw, defined in the previous sectipn induced by an ensemble of vortices with finite cores
N We can thus consider the velocity field induced by a
w(X,t)=E I 0 x—x; (1), system of point vortices, eliminating regions that are too
i=1

close to the singularities and that, for extended vortices,

whereT; is the circulation of thé vortex, located at position Wwould be dominated by the effects of the shape functibis
xi(t), and the sum is performed over the total numNeof is equivalent to considering point vortices with finite cores

point vortices. The equations of motion of the point-vortex The size of the core regions is determined by a comparison

system can be cast in Hamiltonian form, with the mean size of extended vortices in barotropic turbu-
q q lence. First, we considéd =100 point vortices with constant
X ﬁ Yi _ ﬁ circulationI';=1 and random positions. The velocity pdfs

Tdt ay;’ Ndt i’ calculated by avoiding a circular region of radiys around
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FIG. 10. One-point velocity pdfs obtained from a point-vortex system where
the number of vortices, their location, radius, and circulation are as in the
turbulent field of Fig. 2a) (solid line), together with the velocity distribution

of the original turbulent field outside vortex cor@ashed ling

areas covered by the extended vortices. The velocity pdfs
calculated from the point-vortex system and the original
barotropic field are shown in Fig. 10. The two curves are
very similar. Since point-vortex systems have zero vorticity
between the point singularities, this provides further confir-
mations that the velocity field in the background of 2-D tur-
bulence is mainly determined by the far field of the vortices.

pdi(vig)

10"
VI. DISCUSSION AND CONCLUSIONS
10°
0 i 2 3 A 5 6 In past years, several studies have shown that the dy-
vio namics of two-dimensional turbulence can be approximated
(b) by the superposition of a finite number of coherent vortices

. . . _ and a random background field. Here, we have shown that
FIG. 9. One-point velocity pdfs obtained from a point-vortex sysiéi. the high vorticity concentrations inside coherent structures
(5)] with N=100 vortices with circulatiod’;=I'«=1. Around each point . o . .
vortex, a circular region of radius. = 0.05[panel(a)] or r« =0.4[panel(b)] dominate the velocity field and the properties of particle ad-
has been eliminated. The dashed line shows a Gaussian distribution with theection also in the background turbulence between the vor-
same variance of the data. tices, and generate non-Gaussian velocity distributions when
the Reynolds number is large enough. This is a further indi-
cation that most of the statistical properties of 2-D turbulence
each vortex are shown in Fig. 9. Parfal shows the results can indeed be understood by considering the properties of
for r, =0.05, which is a typical vortex radius in the solution vortex dynamics, resorting, for example, to a point vortex
at a higher Reynolds number. In this case, the distributiomanalogy. In an approximate sense, freely decaying two-
shows significant non-Gaussian tails at high velocity. Panetlimensional turbulence can thus be considered as a “gas of
(b) refers instead to, = 0.4, which corresponds to the mean vortices.”
radius of the vortex population in the numerical simulation For completeness, in the following we explore the ef-
with a narrow-band initial spectrum ang=5x10"" [Fig.  fects of a free surface and of differential rotation on the
2(b)]. In this case, the distribution is nearly Gaussian. velocity distributions.

For a more quantitative comparison, we can consider a The introduction of a latitudinal variation of the Coriolis
configuration where the total number of point vortices andparameter leads to a flow with fewer and less intense
the circulation, position, and size of each of them are equalortices®***3%n turn, this modifies the shape of the velocity
to the values obtained in the barotropic turbulence solutiompdfs, with a tendency toward approaching a Gaussian distri-
shown in Fig. Za). That is, we approximate each extendedbution as the value o8 increases. Figure 11 shows the re-
vortex with a vorticity singularity with the same position and sults obtained fopd= 10, andv,=5x 10" ° for narrow-band
circulation, and we calculate the instantaneous velocity fieldnitial conditions. The two curves refers to the two compo-
induced by the point vortices, avoiding the regions inside thenentsu andv of the velocity field that is now anisotropic.
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FIG. 11. One-point velocity pdf in g-plane simulation with narrow-band
initial spectrum, »,=5x%10"8, 1/R=0, =10, and resolution 512512
collocation points. The two components(dash—dotted lineand v (full

line) of the velocity field are shown separately. The dashed line shows a
Gaussian distribution with the same variance.

The pdfs are nearly Gaussian, as the field is dominated by
Rossby wave “weak” turbulence. Thus, the presence of en-
ergetic waves reduces the influence of the vortices on the
background field and the non-Gaussianity of the velocity
pdfs. Correspondingly, the kinetic energy of the background-
induced velocity field is now even larger than that of the
vortex-induced velocity field.

Free-surface effects, on the other hand, do not inhibit

10°
vortex dominanc# and, consequently, do not alter much of 0 : é é l é 8
the non-Gaussian nature of the velocity pdfs. Figure 12 via
shows the velocity pdf obtained witRy=L/5 and 8=0. (b)

Panel(a) refers to the whole domain, and pafiiel shows the 6. 12. O int velocity pdf i —_— i . oot
. . . . . . . ne-point velocity pdr in a simulation wi ree surrace efrects,
VelOCIty distribution in the baCkground' with narrow-band initial spectrum;,=5x10"8, R=0.2, =0, and reso-

Fina_”Y_, we recall that non-Gaussian velocity pdfs with aytion 512<512 grid points. Pane) shows the velocity distribution of the
shape similar to the one detected here have been observed fatole field, panelb) show the distribution outside vortices. The dashed line
subsurface ocean floats in several ocean basins known to Bicates a Gaussian distribution with the same variance.
characterized by the presence of intense coherent efidies.
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